In this paper, we investigate the common index divisors of cyclic cubic fields. Let a, b, c, d and k are integers, we then solve the following Thue cubic equations:
Introduction and statement of main result
In 1909, Thue [26] proved the following important result : If f (x, y) ∈ Z[x, y] is an irreducible binary form of degree at least 3, and k non-zero integer, then the Diophantine equation f (x, y) = k has only a finite number of integer solutions (x, y). However, the method used does not help in finding the values of x and y in question. It is only possible to obtain an upper bound for the number of solutions. Baker [5] has shown that bounds can also be given for the magnitude of the solutions. The bounds for |x| and |y| are extremely big, even for small values of degree of f (x, y).
Evertse [11] showed that the equation f (x, y) = 1 has at most twelve integer solutions (x, y). Recently, Bennett [6] refined Delauney-Nagell-Evertse result as follows: if f (x, 1) has at least two distinct complex roots, then the equation f (x, y) = 1 possesses at most 10 solutions in integers x and y.
Again, let f (x, y) be an irreducible binary cubic form, the general equation f (x, y) = k with |D(f )| > γk 33 , k non-negative integer, and γ certain positive constant, Siegel proved there is at most 18 solutions if D(f ) is positive (resp. Fjellstedt proved there is at most 14 solutions when D(f ) is negative). See [23, p.208] .
In 1984, Ayad [3] proved that if f (x, y) is a binary form of degree 3 with coefficients in Z, Aut(f ) its automorphisms group and H(f ) its Hessian, then Aut(f ) is trivial except when H(f ) = λg(x, y), λ ∈ Z * and g(x, y) is equivalent to x 2 − xy − y 2 . In this last case, Aut(f ) is cyclic of order 3 and f is equivalent to one binary form of type :
so, the number of representations of integer k by f (x, y) is divisible by 3.
Note that the case m = k = 1 is proved by Avanesov [1] .
Recently, in [29] Wakabayashi proved that for k = 1, the Thue equation f m,n (x, y) = 1 has at most three integer solutions except for a few known cases. Using the Padé approximation method he obtained a lower bound for the size of solutions.
However, only few results are known when the group of automorphisms is trivial. The family of cubic Thue equations f 1,n (x, y) = ±1, with n ≥ −1, was studied by Thomas in [25] . Using Baker's method, Thomas proved that it has only trivial solutions except for a finite number of values of the parameter n, explicitly for n < 10 8 . Later, Mignotte solved the remaing cases for this family of equations in [19] .
Let n be a rational integer and K n = Q(θ) be a cyclic cubic number field generated by a root θ of f 1,n (X, 1) = X 3 − nX 2 − (n + 3)X − 1 and let O Kn be its ring of integers. The polynomial f 1,n (X, 1) has discriminant (n 2 + 3n + 9) 2 . If n 2 + 3n + 9 is square-free, then we have the discriminant of K n , D(K n ) = (n 2 + 3n + 9) 2 and O Kn = Z[θ] (there exist infinitely many such n, cf. Cusick [8, pp. 63-73] ).
For θ a root of P n , Pëtho and Lemmermeyer in [16] proved that for all α ∈ Z[θ] either |N(α)| ≥ 2n + 3, or α is associated to an integer. Moreover, if |N(α)| = 2n + 3, then α is associated to one of the conjugates of α − 1. In [20] , Mignotte, Pëtho and Lemmermeyer, by Baker's method and used the results of [16] and [8, pp.63-73] solved completely the case m = 1, n ≥ −1 and 1 ≤ k ≤ 2n+3. Lettl, Pëtho and Voutier [17] , following an idea of Chudnovsky [7] , improved the usual estimate of the Padé approximation and gave a good upper bound for the size of solutions for f 1,n (x, y) = k, n ≥ 30 and k is arbitrary. Wakabayashi [30] studied Thue inequality |f m,n (x, y)| ≤ k with two parameters m, n.
In 2011, A. Hoshi [13] studied the case when k is a positive divisor of n 2 + 3n + 9, and gave a correspondence between integer solutions to the parametric family of cubic Thue equations
and isomorphism classes of the simplest cubic fields. For more details on the study of simplest cubic fields see [24] .
A. Togbé [28] , using Baker's method and the results obtained by L. C. Washington [31] and O. Lecacheux [15] , solved the family of parametrized Thue equations
A. Togbé [27] using Baker's method and the results obtained by Y. Kishi [14] , solved the family of parametrized Thue equations
Recently, Balady [4] showed that there are many families of cubics polynomials irreducibles with square discriminants. We consider the family of polynomials [4] which satisfy the hypothesis of our main result.
Our method of proof is different to the previous methods, we use the common index divisors of cyclic cubic fields. Now we state our main result. Below we mention some immediate consequences of our result on the resolution of a parametric families of cubic equations. 
have no integer solution (x, y). 
has no integer solution (x, y).
The equation (1) was studied by Mordell [21, pp.255-261] . He proved the following important result: if a, b, c, d, t are arbitrary integers and the polynomial ax 3 + bx 2 + cx + d has no squared linear factor in x, then the equation (1) has only a finite number of integer solutions. Here in under the by hypothesis of Corollary 3, the equation has no integer solution.
